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Abstract 

. In a previous paper we showed that the electromagnetic superenergy tensor, the Chevre- 

CNJ ' ton tensor, gives rise to a conserved current when there is a hypersurface orthogonal Killing 

vector present. In addition, the current is proportional to the Killing vector. The aim 
' of this paper is to extend this result to the case when we have a two-parameter Abelian 

O h , isometry group that acts orthogonally transitive on non-null surfaces. It is shown that for 

5^ ' four-dimensional Einstein-Maxwell theory with a source-free electromagnetic field, the cor- 

responding superenergy currents lie in the orbits of the group and are conserved. A similar 
result is also shown to hold for the trace of the Chevreton tensor and for the Bach tensor, and 
—i , also in Einstein-Klein-Gordon theory for the superenergy of the scalar field. This links up 

J> ' well with the fact that the Bel tensor has these properties and the possibility of constructing 

conserved mixed currents between the gravitational field and the matter fields. 

O ■ 
O ; 

1 Introduction 

\o 

In this paper we continue the investigation of conservation laws for the electromagnetic superen- 
ergy tensor, the Chevreton tensor, in Einstein-Maxwell spacetimes. In a previous paper f \()\ 
we showed that this tensor gives rise to a conserved current whenever there is a hypersurface 
orthogonal Killing vector present, i.e., if the Killing vector £ a satisfies £[ a Vfe£ c ] = 0, then 

H abcd eez d = ^a, v a (H abcd eec d ) = o, « 

where H abcd is the Chevreton tensor [21 IS] , 

H abcd = - -(V a F ce V b F d e + V b F ce V a F d e + V c F ae V d F b e + V d F ae V c F b e ) 

+ \(gabV f F ce X7fF d e + g cd V f F ae V f F b e ) + j(g ab V c F ef V d F e f + g cd V a F ef V b F^) 
- \gabg c <NeF fg V e Ff3. (2) 

This result holds in four-dimensional Einstein-Maxwell spacetimes with a source- free electromag- 
netic field, F ab , that inherits the symmetry of the spacetime. A similar situation to when there 
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is a hypersurface orthogonal Killing vector present occurs when there exists a two-parameter 
isometry group whose surfaces of transitivity are (locally) orthogonal to a family of 2-surfaces. 
According to Frobenius's theorem the two Killing vectors generating the group, £ a and r/ a , 
then satisfies £[ a %V c £d] = = £u?7& ^cVd]- We show in this paper, theorem El that when the 
two Killing vectors commute (i.e., the isometry group is Abelian) and form surfaces that are 
non-null, then the Chevreton tensor again gives rise to conserved currents, 

H abcd e\ Jc i Kd = LOimZa + VuKria V a (H abcd ^ Jc £ Kd ) = 0, (3) 

where I,J,K = 1,2 and = £ a and £^ = r] a . We also show that similar results hold for the 
trace of the Chevreton tensor and for the Bach tensor. 

This result is interesting not only because it gives conserved quantities for the electromagnetic 
field, but also because it gives further support to the possibility of creating conserved currents 
between the electromagnetic field and the gravitational field at the superenergy level. 

The Bel- Robinson tensor [21 [3] , 

T a bcd =C a ecfCb e J + C aed fC b 'J - -g ab C e fcgC e ^ d 9 

~ \gcdCae fa C b ef9 + \gab9cdCe fgh C ef9h , (4) 

is a good candidate for representing gravitational energy since it satisfies the Dominant Property 
[H [TB] and is divergence- free in vacuum. When matter is present, however, neither the Bel- 
Robinson tensor, nor the Bel tensor, 

Babcd =RaecfR b J + RaedfRb J ~ ^dahRefcgR^ d 9 

~ \gcdRaefgR b ef9 + \gab9cdRej -ghR" f§h \ (5) 
A o 

are divergence-free in general. However, there are some cases when it is still possible to construct 
conserved currents for the gravitational field at the superenergy level. Lazkoz, Senovilla, and 
Vera have shown that the Bel tensor gives rise to independently conserved currents for 
general spacetimes when there is a hypersurface orthogonal Killing vector present or when there 
are two commuting Killing vectors that act orthogonally transitive on non-null surfaces present. 
In the first case we have the current 

B abcd eeti d = v a (B abcd e^ d ) = o, (6) 

and in the second case the four currents 

B a(bcd) e b t J % Kd = UUKia + SllJKVa, V a (B a(f , cd) ^ Jc £^) = 0. (7) 

Also, Senovilla [15] has shown that for Einstein-Klein- Gordon theory, it is possible to construct 
a mixed conserved superenergy current between the gravitational field and the scalar field when 
there is a Killing vector present, 

V Q {{B abcd + S abcd )t b et d ) = 0, (8) 

where S abcd is the superenergy of the scalar field. When the above isometries are present this 
breaks up into two separate conserved currents and we show for completeness here and in [10] 
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that the currents constructed from the superenergy of the scalar field also lie in the orbits of the 
isometry groups. 

We hope that it would be possible to construct a similar conserved current between the 
gravitational field and the electromagnetic field. Senovilla \Fa\ has shown that this is possible 
in the case of propagation of discontinuities of the fields. For the general case it is not known, 
but the results of this paper further support that this might be the case. Also, in the spacetime 
we use as an example of our results, we do have mixed conserved currents. 

In the proofs we have opted for expanding the tensors in a basis where the two Killing 
vectors are taken as two of the basis vectors. It is also possible to take exterior products with 
the surface element and using expressions like 2^ a r) b V c] £ d = -%£[ a V b £ c] +£dV{a^bL], but 

this approach seems to require quite a lot of extra effort. 

2 Conventions and some results 

We assume that our spacetime is a four-dimensional manifold equipped with a metric of signature 
—2. We define the Riemann tensor by 

(V a V fe - V b V a )v c = -R ab cdV d . (9) 

The Einstein equations are 

Rab ~ ^Rgab + ^9ab = -Tab- (10) 

We will keep the cosmological constant A throughout the calculations. If £ a is a Killing vector, 
then V a 4 = -Vbia and [T7], 

V V 6 £ C = Rbcad£, d - (11) 
We also note that the Lie derivative along a Killing vector commutes with the covariant derivative 

[£^ Vo ]T 6l - 6i cl ... c . =0. (12) 

We assume that we have two commuting Killing vectors £ a and rf that act orthogonally transitive 
on non-null surfaces [16) . 

[£,v]=?Vbria-rfV b Za = 0, (13) 

£[aVbVc€d] = £[aVbVcVd] = 0, (14) 

£[a%]£y + o. (15) 

If we take a basis consisting of £ a , rj a , s a , and t a , where s a and t a are orthogonal to £ a and rj a , 
we can write 

V a f 6 = Cl£[ a 7/ 6 ] + £[a(C 2 S b] + C 3 t b] ) + r] [a (C 4 s b] + C 5 t b] ) + C 6 s [a t b] . (16) 
Taking an exterior product with £[ c 77d] gives Cq = and by contracting with ^°"q b we get 

CrfVatb = -erfVbta = -eU'VbVa = = Cit [a r} b] ev b , (17) 
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so C\ = 0. The structure is the same for V a rj b and we can write 

V a 6> = 2£[ a z b] + 2r] [a y b] , (18) 
^aVb = 2£[ a Vb] + 2V[ a Wb], (19) 

where x a ,y a ,v a , and w a are orthogonal to £ a and r\ a . We will often write this as 

Vat I b =2t[aX I b] +2r ][a y I b] , (20) 

where I = 1,2 and X* = x a , x 2 = w a , j/* = y a , and y 2 a = w a . Via Einstein's equations the 
energy-momentum tensor satisfies [8j [H] 

£{aVbT c]d ti d = C [a VbT c]d r] d = 0, (21) 

which implies 

Z Ih T ab = a I t a + p I r lai (22) 

where a 1 = a, a 2 = 7, /3 1 = /3, and /3 2 = 5. By taking the Lie derivatives of this equation with 
respect to £ a and r] a we have that 

eVaa 1 = 0, rfVaa 1 = 0, 

e^aP 1 = 0, rfV,,/? 7 = 0. (23) 

When there is more than one matter field present this, in general, only applies to the total 
energy-momentum tensor. Here, as well as throughout the text, proportionality factors like a 
in a£ a are generally non-constant scalar functions. 



3 Einstein-Klein- Gordon theory 

In this section we show that in Einstein-Klein-Gordon theory the superenergy tensor of the 
scalar (Klein-Gordon) field gives rise conserved currents for Killing vectors that generate an 
Abelian two-parameter group of isometries that act orthogonally transitive on non-null surfaces. 
It has previously been shown that the Bel tensor in combination with the superenergy tensor 
of the scalar field gives rise to conserved currents for Killing vectors |15| and that for this 
kind of symmetry, or for hypersurface orthogonal Killing vectors, the Bel tensor gives rise to 
independently conserved currents that lie in the orbits of the group [TT]. Hence, the superenergy 
currents for the scalar field are also independently conserved, and we show here and in [10J for 
completeness that these currents also lie in the orbits of the group. 

The energy-momentum tensor in Einstein-Klein- Gordon theory is given by 

T ab = -V^Vttf + ^afe(V c 0V C </» + m 2 2 ), (24) 

where the scalar field, <fi, satisfies the Klein-Gordon equation, V c V c i^ = m 2 (f). The superenergy 
tensor of the scalar field is given by |15j 

Sabcd =V a V c 0V b V d (j) + V a V d 0V b V c c/> - g ab {V c V e (j)V d V e + m 2 V c 0V d 0) 
- 9cd(V a V e 0V b V e <A + m 2 V a c/>V 6 c/>) 

+ ^9ab9cd(V e Vf^V e V f (l> + 2m 2 V e </>V e </> + mV)- (25) 
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It has the following symmetries, S abc d = SV a &)(c<z) = S c d a b- We can construct the following 
currents, 

S ab cdt Ib t Jc t Kd = (V a V c 0V fe V d + V a V^V 6 V c 0) i Ib i J % Kd 

- \t Jc tc (V a V e ^V b V e + m 2 V a (tN b <f) i Ib + cuCa + n Va , (26) 

where the scalar functions u and O are used to collect proportionality factors of £ a and rj a . If the 
scalar field is massive, m ^ 0, it will have a vanishing Lie derivative |15j . £^i(f> = £, Ia V a (j) = 0, 
so by using Leibniz rule and expanding with (|20p we have that 

(V a V e 0V fc V e </> + m 2 V a </>V^) i Ib = V a V e <pV b V e <PZ Ib = V a V e <pV e V b ^ Ib 
= - V a V e 0V fe 0V e ^ 6 = -£ e V a V e 0s /ft V 6 - rfV a V e <^/ /6 V^ 

=V a rV e ^ /b V 6 + Va^VecPy^Vbcj) = ujU + Jty a . (27) 
For the other type of term present in (I26p we similarly have that 

V a V c <pV b V d ^ Ib f c ^ Kd = -V a f c V c( pV b V d ^ Ib C Kd = coCa + n Va . (28) 
Hence, for a massive scalar field the superenergy currents will lie in the orbits of the group, 

Sabcdt Ib t JC i Kd = ^ a + n Va . 

In the massless case, m = 0, the scalar field satisfies £^i<p = £ /a V a </> = C^i, where C^i is a 
constant. Here we also have from (I22D and ()24p that V a </> = a'^ a + /3'?7 a . The calculations are 
similar to the massive case and the conclusion the same. 

To prove that the currents are divergence- free, we note that the Lie derivative commutes with 
covariant derivatives for Killing vectors, so the superenergy tensor has vanishing Lie derivative. 
Since the Killing vectors commute, the Lie derivative of the currents therefore vanishes. We 
have proven 

Theorem 1. For Einstein- Klein- Gordon spacetimes, possibly with a cosmological constant K, 
which admit an Abelian two-parameter isometry group that act orthogonally transitive on non- 
null surfaces, the superenergy tensor of the scalar field gives rise to conserved currents that lie 
in the orbits of the group, 

Sabcdt Ib t JC t Kd = WlJKta + ^IJKVa, V Q [S abcd ^ J ^ Kd ) = 0, (29) 

where, in general, the proportionality factors loijk an d Qijk will be non-constant. 

Note, we have here assumed a four-dimensional spacetime, but the expansion of (|2(jp is 
similar in the n-dimensional case and this result thus holds in n dimensions as well. 

4 Einstein-Maxwell theory 

In this section we will show that if a four-dimensional Einstein-Maxwell spacetime, possibly 
with a cosmological constant A, admits an Abelian two-parameter group of isometries that 
act orthogonally transitive on non-null surfaces, then the corresponding Chevreton currents 
constructed from the Killing vectors of the group will lie in the orbits of the group and will be 
conserved. It is also shown that this also holds for the trace of the Chevreton tensor and for the 
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Bach tensor. The electromagnetic field is assumed to be source-free. For a null electromagnetic 
field we will assume that it inherits the symmetries of the spacetime. 

The electromagnetic field is described by the Maxwell tensor, F ab = —F ba , which in source- 
free regions satisfies 

V a F ab = 0, V [a F bc] = 0. (30) 
The energy momentum tensor is given by 

Tab = —F ac Fb C + -^9abFcdF cd ■ (31) 

The Ricci scalar, R, satisfies R = 4A, where A is the cosmological constant. From ([22]) we have 
that 

t Ib F ac F b c = a' I t a + f3' I Va . (32) 

Generally, the Lie derivative of the electromagnetic field in four-dimensional Einstein-Maxwell 
theory satisfies for any Killing vector £ a |13l [T8] 

£nF ab = e^cFab + F cb v a e + F ac v b e = * kb, (33) 

where F a b is the Hodge dual of F ab and \& is a constant for non-null fields and satisfies l[ a V b ^ = 
for null fields, where l a is the repeated principal null direction of the field0 If \E' is zero, then the 
electromagnetic field is said to inherit the symmetry of the spacetime. It has been shown that 
for an Abelian two-parameter group of isometries that acts orthogonally transitive on non-null 
surfaces, a non-null electromagnetic field inherits those symmetries of the spacetime |13| . In 
the case of a null electromagnetic field we will assume that it inherits the symmetries. Hence, 
£^iF ab = 0, or 

e /c V c F afc = -F cb V a C Ic - F ac V b £ Ic . (34) 
The basic superenergy tensor of the electromagnetic field is given by [15j 



Eabcd = - V a F ce V b F d e - V b F ce V a F d e + g ab V f F ce V f F d e 

+ \gc<NaF ef VbF ef - \gab9 C( NeFf g V e F^. (35) 

The Chevreton tensor is defined as H abcd = \{E abcd + E cdab \ or 

H abcd = - -(V^eeV^/ + V fe F ce V a F/ + V c F ae V d F b * + V d F ae V c F b *) 

+ l(9ab^fF ce V f F d e + g cd V f F ae V f F b e ) + ^{g ab V c F ef V d F e f + g cd V a F ef V b F e f) 
- \gabgcdV e F fg V e F^. (36) 



It was erroneously stated in pjQ] that ^ is always constant, though this did not interfere with the calculations 
since the electromagnetic field was assumed to inherit the symmetry of the spacetime. 
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This tensor is completely symmetric in four dimensions, H abcd = H(abcd) [£]• This tensor is more 
interesting physically than the basic superenergy tensor, because it gives unique currents and a 
unique divergence and because it shares the symmetries of the Bel tensor. We will now examine 
the currents that arise when this tensor is contracted with the Killing vectors, £ a and n a , of 
our two-parameter group. Since the Chevreton tensor is symmetric there are only four different 
currents, and by interchange of £ a and n a , we only need to consider currents of the form 

H abcd e h t Jc t M = - y a F ce V b F d ^ Ib ^ Jd ~ V c F ae V d F b e e h t Jc t M 

+ \ii H Jc VfF ae V f F b e Z Ib + \t J c ^ Jc V a F ef V b F e ^ Ib + ^ a + n Va , (37) 

Here and later u> and ft are again used to collect the proportionality factors of £ a and n a . We 
want to show that the remaining terms also lie in the orbits of the group. The proof is divided 
into three lemmas. We treat the second and third terms separately and then the first and fourth 
together. The proofs involve some quite lengthy calculations. 

Lemma 2. Under our assumptions, 

ZleVfV d F a]c V d F b c £ Ib = 0. (38) 

Proof. We rewrite V d F ac V d F b c ^ Ib by applying the d'Alembertian □ = V d V d to the energy- 
momentum tensor (|3ip 

V d F ac V d F b c £ Ib = - l -^\UT ab + F b c UF ac + F a c UF bc ) + <[. (39) 

By using the four-dimensional Maxwell wave equation, OF ab = 2C c ab d F dc — ^RF ab [H], we get 

-^ Ib DT ab - e b {C d ac e F b c F ed + C d bc e F a c F ed ) + ^R£ Ib F ac F b c + (40) 

By ([32]) . the next to last term equals u;£ a + fh/ a . The two terms involving the Weyl tensor are 
rewritten using the four-dimensional identity |10| [T2] 

C [ab [cd 5 f e ] = 0. (41) 

We are then left with 

-\e b ^T ab - C ebad F^F d i Ib + ^ a + n Va . (42) 

Substituting the Weyl tensor for Riemann tensor and simplifying with (|22p and Einstein's equa- 
tions ([TO]) yields 

- ^ Ib UT ab - R ebad F ec F d i lb + oj^a + n Va . (43) 

By (llip we then have that 

V d F ac V d F b c i Ib = ~ \ § Ib OT ab - F ec F d V e V a e d +u>U + n Va . (44) 

A B 
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We can rewrite the first term, A, with the Leibniz rule as 

e b UT ab = U{T ab i Ih ) - T ab Ui Ih - 2V f T ab V^ Ib . (45) 

For the first term on the right-hand side, use ([22]) . expand, and use ([20]) and ([23]) . For the 
second term, use (llip and (I22p . We are then left with 

i Ib UT ab = -2V } T ab V f i Ib + u;£ a + n Va . (46) 

Expanding this with (I20p and rewriting with the Lie derivative of the energy- momentum tensor, 
£^T ab = i Ic V c T ab + T cb V a £ Ic + T ac V b £ Ic = 0, and Leibniz rule, we get 

2x Ib T fb V a ^ + 2y Ib T fb V a 7 ] f + 2x^V /(T a6 £ 6 ) + 2 ? /^V / (W) + ^ a + 0?^. (47) 

Using (|22p and expanding again with (|2U|) we are left with only Lu£ a + f}r/ a . 
The second term of ([4"I]) . £>, is expanded with ([20]) and using ([32]) we get 

F ec F c d V e V a ^ = -(a'e + /?'r/ e )V e xi - ( 7 'f + 5'r/ e )V e ^ + W £ a + n Va . (48) 

Expanding £^iV a ^ b = gives = = £^y b , or £ Ia V a x{ = uj£ a + Or/ a and £ Ia V a y b = 

uj^ a + S~h? a . Hence, 

F ec F c d V e V a ^ d = cuCa + n Va . (49) 

So, taken together, 

ZleVfV d F a]c V d F b c £ Ib = 0. (50) 

□ 

As in our previous paper [10], we note here that lemma [2] can be applied to the trace of the 
Chevreton tensor, which is given by [B] 

H ab = H abc c = V c F ad V c F b d - ^g ab V c F de V c F de . (51) 

Hence 

Theorem 3. Assume that we have four- dimensional Einstein-Maxwell theory, possibly with a 
cosmological constant A, with a source-free electromagnetic field that inherits the symmetry of 
the spacetime. If '£ a and r/ a are two commuting Killing vectors that act orthogonally transitive on 
non-null surfaces, then the currents H ab £ b and H ab rj b , where H ab is the trace of the Chevreton 
tensor, lie in the orbits of the group, 

H ab £ b = toxia + ftir] a , H ab r] b = u 2 £a + ^2%, (52) 

where the proportionality factors UJi and fij in general are non- constant. 
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These currents are trivially conserved, since the trace of the Chevreton tensor is divergence- 
free [B] . Note that for a non-null electromagnetic field we automatically have inherited symmetry. 
It was shown in \5\ that the trace of the Chevreton tensor is related to the Bach tensor, 



by 



B a b — V c V d C ac ferf — -R cd C ac bd- (53) 



B ab = 2H ab + ^AT ab . (54) 



Hence, the Bach currents constructed from the Killing vectors £ a and r\ a will also lie in the orbits 
of the group. This also applies to the case with a hypersurface orthogonal Killing vector [1U] . 

Corollary 4. Assume that we have four- dimensional Einstein-Maxwell theory, possibly with a 
cosmological constant A, with a source-free electromagnetic field that inherits the symmetry of 
the spacetime. If £ a is a hypersurface orthogonal Killing vector, then the Bach current B a b^ b is 
proportional to £ a , 

Bab^ = W£a- (55) 

If £ a and rj a are two commuting Killing vectors that act orthogonally transitive on non-null 
surfaces, then the Bach currents B a b£ b and B a bn b lie in the orbits of the group 

Bab^ = + tt 3 n a , B ab T] b = LOiia + fi 4 ?? a . (56) 

In general, the proportionality factors lo, iVi, and J7j are non-constant. 

Again, in the second case, for a non-null electromagnetic field, we automatically have inher- 
ited symmetry for those two Killing vectors generating the group. 

For the proofs of the following two lemmas we will need to divide into two different cases 
depending on whether the electromagnetic field is invertible or skew invertible. For a non-null 
electromagnetic field we can write |13j 

Fab = Tab cos a+ T ab sin a, (57) 

where r a b is the extremal field and a is the complexion scalar. The extremal field here satisfies 
one of the following three sets of conditions [13] 



(1) r ab eV = r ab eV = 0, (58) 

(2) r ab O?V0 e° = ^ n a , (59) 

(3) r ab ev b ^0 Tab e = = r ab r 1 a . (60) 

h * h 

In the first case the electromagnetic field satisfies F a b£, a vi = =F a b £ a? 7 , and is said to be skew 
invertible. It can then be written as 

Fab = 2£[ a s 6] +2V[ah], (61) 
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where s a and t a are orthogonal to £ a and r] a . Carter [8] showed that the two scalars F ab ^ a rj and 

Fab £, a V are constants and if we, for example, have a spacetime with a symmetry axis where one 
of the Killing vectors vanishes, the constants vanish everywhere and the electromagnetic field 
will be skew invertible. In the two other cases the electromagnetic field is invertible and can be 
written as 

F ab = 2K^ [a rj b] + 2s [a t b] , (62) 

where again s a and t a are orthogonal to £ a and r\ a . 

For a null electromagnetic field with principal null direction l a we can write 

Fab = 2/ [a ^l fe ], Fab=2l{ a B b ], (63) 



where A a and B a are spacelike vectors satisfying A a l a = B a l a = A a B a = 0. By expanding 
we see that either l a = oj^ a + Qr] a or ^ a l a = = rj a l a , which in either case implies F ab ^ a rj b = 

* h 

=F a b £ a V an d the electromagnetic field is therefore skew invertible. 

In the following two proofs we will only show the calculations for the skew invertible case. 
The invertible case works similarly, noting that F ab ^ Ib = A 7 £ a + //r/ a > where £ /a V a A J = and 
£ Ia V af i J = 0. 

Lemma 5. Under our assumptions, 

Z [f V g V lc \F a]e V d F b e Z Ib e Jc e Jd = 0. (64) 
Proof. We start by rewriting with the Lie derivative (|34p . 

VcF ae V d F b e i Ib t J % Jd =i Ib ^ai Jc (F ce F d e V b ^ Jd + F ce F bd V e ^ 

+ t Ib F ac (F/V e £ Jc V fc £ Jd + F bd V e C Jc V e C Ja ) . (65) 
Expanding the first term of the right-hand side with (|20p and using ()32|) . we have 

£ /6 V a £ Jc F ce F d e V fe C M = uj£ a + Q Va . (66) 



The second term of (|65p is expanded by (|20l) . and if the electromagnetic field is skew invertible, 
all terms like F ab ^ Ka ^ Lb vanish. Hence, 

£ /b V a £ Jc F ce F bd V e e Jd = ujta + ^r?a • (67) 

For the third term, using (|6ip and (|17p we have 

t Ib F ac F d e V e Z Jc V b £ Jd = -s a U Ib F d e V e Z Jc V b ti Jd - t a r 1c t, Ib F d e V e t Jc V b t Jd + u£ a + n Va 

= u£ a + n Va . (68) 

For the last term of (j65j) we expand using (f20l) and (jBTj) to get 

C Ib F ac F bd V e £ JC M = wf „ + . (69) 

Hence, taken together, we have that 

C[fVg^\c\F a]e V d F b e e b C Jc C Jd = 0. (70) 
The proof is similar for the invertible electromagnetic field. 

□ 
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Lemma 6. Under our assumptions, 

-Z [9 VhV a] F ce V b FfZ Ib f^ Jd + y j c f% gVh V a] F ef V b F e ^ Ib = 0. (71) 

Proof. Taking two covariant derivatives of the energy-momentum tensor (|3ip yields 

-V a F ce V b F d e e b ^ Jd + \^k Jc ^aF ef V b F e ^ Ib = 

\ y a y b T cd C Ib C Jc f d + F ce V a V b F d e e\ Jc i M --A Jc Zt t Ih F ef V a V b F*f . (72) 
2* „ ' > „ ' 4 > / 

A B c 

We rewrite term A with a covariant derivative of the Lie derivative of the energy-momentum 
tensor, V a £(F cd = 0, 

v a v fe r cd e /b e Jc e Jd = -v a e /b v fe r c ^ jc e Jd - 2v a T bc v d e b z Jc e d - iT bc v a v d e b e c i Jd . (73) 

By expanding with (|20p . the Lie derivative of energy-momentum tensor, (|22j) . and (|17jl . 

v^v^- 7 ^ = + (74) 

Similarly, by using Leibniz rule, expanding with (|20l) and using (|22l) and (fTTl) 

v T 6c v d £ J v c £ Jd = + n»7a. (75) 

Finally, by expanding with (j20j) twice and using (|22l . Leibniz rule, and (fTT|) . 

T fec v a v d e /b e Jc e Jd = w& + n^. (76) 

Term ,6, rewritten by taking a covariant derivative of the Lie derivative of the electromagnetic 
field ((311) equals 

F ce V a V b F d ^ Ib ^ Jd = - F c e V a F be Vd Ib ^ Jd - F c e V a F db V e e b i J % Jd 

- F c e V a Z Ib V b F de Z Jc t Jd - F c e F be V a V d Z Ib t Jc H Jd (77) 

The first term is expanded with (|20p and if the electromagnetic field is skew invertible, we use 
(pTl) . to yield 

-F c e V a F be V d ^ Ib f c f d = ui a + Q Va . (78) 



The second term is similarly expanded with (|20|) and (IBTj) and then Leibniz rule is used to give 
us 

-F c e V a F db V e i Ib i Jc i Jd = uCa + VVa- (79) 

The third term is expanded with (|20p to yield 

-F c e V a ^ Ib V b F de ^ Jd =x I a F c e eV b F de ti Jc ti Jd + y I a F c e r ] b V b F de i J % Jd + u£ a + 

= ^k & V b (F c e F de )^ c e J " + \ylri b V b {F c e F de )e c e d + w& + Qr, a , 

(80) 
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where, by (J32J), d23J) , and dT7J) we have 

^v^i^-v* =e b v b (F c e F de e Jc )e Jd - F c e F de ev b z Jc t Jd 

=et Jd Vb(a' J U + P> J rj d ) - (a' J U + (3 ,J r m )^ 'bH Jd = 0, (81) 
and likewise for the other term. Hence, 

-F c e V a Z Ib V b F de £ Jc £ Jd = cuCa + VVa- (82) 
For the last term we use (j32|) . expand with ([20]) . and Leibniz rule to get 

-F c e F be V a V d C Ib C Jc C M = OJ^a + VVa- (83) 

Term C, rewritten by taking a covariant derivative of Lie derivative of the electromagnetic field, 
equals 

F ef V a V b F e ^ Ib =2F e fV a F be V f t Ib - F e ^V a ( Ib V b F ef (84) 
The first term is expanded with (|2U|) and (|61|) to yield 

F e N a F be V f i Ib = uji a + n Va (85) 
The second term is expanded with (|20p and rewritten with the Lie derivative (|34p . 

F e fV a i Ib V b F ef = -x{F e ^ b V b F ef - y I a F e fr ] b V b F ef + u£ a + n Va = u£ a + Or/ a (86) 
Hence, taken together, we have that 

-t[ 9 ilhV a] F ce V b F d e t Ib t Jc Z Jd + \ck J % 9 r]hV a] F ef V b F e ^ Ib = 0. (87) 
The case with an invertible electromagnetic field works similarly. □ 

From (f3"T|) together with lemmas O O and \6\ we have that H abcd £ t Ib £ t Jc £ t Kd = luijkCo, + 
^URiJa- The Lie derivative commutes with the covariant derivative for Killing vectors (|12p . so 
£^iV a F bc = and we have that £^iH abcd = 0. Since the Killing vectors commute, we have that 

£^i(H abc d Jb C Kc C Ld )=0. (88) 
Hence, the proportionality factors u> and O satisfies £^ a V a <-<-> = = £ /a V a f2. We have proven 

Theorem 7. Assume that we have four- dimensional Einstein-Maxwell theory, possibly with a 
cosmological constant, A, with a source-free electromagnetic field that inherits the symmetry of 
the spacetime. If £ a and rf generate a two-parameter Abelian isometry group that act orthogo- 
nally transitive on non-null surfaces, then the Chevreton currents constructed from these vectors 
lie in the orbits of the group and are divergence-free, 

H abcd eei d = ^ a + fi 5 r/a, v a {H abcd eei d ) = o. 

H ab cdC b er] d = + Q 6Va , V a (H abcd £, b eri d ) = 0. 

H abcd i b rfr] d = ujjta + n 7Va , V a (F o6cd £ 6 r,y) = 0. 

flaJatfW = LUsta + ^a, V'iH^ifjf 1 ) = 0. (89) 

In general, the proportionality factors u>i and fij will be non-constant. 
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Note that for a non-null electromagnetic field, the symmetry is automatically inherited. 
In four-dimensional Einstein-Maxwell theory, the Bel tensor can be decomposed as [71 111)] 

\ 

Babcd = T a bcd + T a bT c d + —R g a b9cd, (90) 

where T a b c d is the Bel-Robinson tensor (j3j) and T ab is the electromagnetic energy-momentum 
tensor (|3ip . As was shown in [11], the Bel currents B a 

{bcd)£, Ih i Jc i Kd lie in the orbits of the 
group. We note that when we contract with the Killing vectors, both the second and the third 
terms above will lie in the orbits of the group. Both terms also have vanishing Lie derivative, so 
both terms will give rise to independently conserved currents. From this we see that this also 
applies to the Bel- Robinson tensor, i.e., it will also give rise to conserved currents that lie in the 
orbits of the group. 



5 Example 

Theorem [7J applies to axisymmetric spacetimes, notably the Kerr-Newman solution. The expres- 
sions for the currents are however quite large, so we give instead another interesting example - 
the algebraically general Einstein-Maxwell spacetime found by Barnes [1]. The metric is given 
by 

ds 2 = r sm(V30)dx 2 — r sin(V39)dy 2 — r2 cos(\/30)da;dy - r 2 d6 2 - dr 2 , (91) 
and it admits a three-parameter group of isometries generated by the Killing vectors 

£la = &a = 5 ya , 6a = V~ S X a ~ X — S ya + Sg a . (92) 

Here £1 and £2 form an orthogonally transitive Abelian G2 subgroup. None of the three Killing 
vectors are hypersurface orthogonal. The electromagnetic field is given by 

F ab = 2 cos(p)5 xa ASyb + 2 sm(p)8 ra A 5 9b , (93) 

where p is an arbitrary constant determining the complexion of the field. 

The four Chevreton and Bel currents constructed from £1 and £2 ar e of course independently 
conserved. The Chevreton currents are here very simple, 

b d 3 b d 1 

Habcd^lClCl = g - 2^ 10 ' -^abcd£l£l£2 = 2^2^ 2a ' 

\ 3 

Habcdilta^ = 2~~2~£la, H abcd ^ 2 ^ 2 = ^2^2a- (94) 

None of the six Chevreton currents involving the third Killing vector £3 are divergence-free and 
the same holds for the corresponding Bel currents. However, a combination of the symmetrized 
Bel tensor with the Chevreton tensor do give conserved currents for all possible combinations 
of the Killing vectors, 



(95) 
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Actually, for this spacetime, all Bel-Robinson currents are independently conserved and it is 
only the T^T^ part of the Bel tensor that contributes to the mixed current. For example, the 
current v a = (-B a(6cd) + lH abcd )^^, which equals 

(3x cos(2^/36») - 3y sin(2\/30) + llx) 
Vx ~ 48^ ' 

y/3 (3ycos(2v / 36») + 3s sin(2>/30) + lly) 

y y~ 48^ ' 

v / 3sin(^/36>) 

6r 2 
cos(y / 3(9) 

= 7. , (96) 

6r 

is conserved. It is also interesting to note that this current is not proportional to a combination 
of the Killing vectors. This actually holds for all the currents here that involve the third Killing 
vector £3. 



6 Conclusion 

We have shown that if a four-dimensional Einstein-Maxwell spacetime admits an Abelian two- 
parameter isometry group that act orthogonally transitive on non-null surfaces and the electro- 
magnetic field is source-free and inherits the symmetries of the spacetime, then the Chevreton 
currents generated from the isometry group lies in the orbits of the group and are conserved. 
Hence, by Gauss's theorem these currents give rise to conserved quantities. 

Since the Bel currents have similar properties under this isometry group, this gives fur- 
ther support to the possibility of constructing mixed conserved currents that could govern the 
interchange of superenergy between the electromagnetic field and the gravitational field. 

In the proof of lemma [2] we needed to make use of an identity which holds only in four 
dimensions, so our result seems to be restricted to this dimension. The results for the Bel currents 
are n-dimensional, so possible mixed conservation laws may be restricted to four dimensions. 
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